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A recent consideration in aircraft design is the use of folding wing-tips with the aim of 
enabling higher aspect ratio configurations with less induced drag whilst also meeting 
airport gate limitations. This study builds on previous work investigating the effect of 
exploiting the folding wing-tips in-flight as a device to reduce dynamic gust loads, but now 
with the introduction of a passive nonlinear negative stiffness hinge spring. A single degree 
of freedom model and a representative civil jet aircraft aeroelastic model were used to 
investigate the dynamic gust response for different hinge device designs. It was found that 
significant reductions in the dynamic loads were possible. 
Nomenclature 
Symbols 
bl   = Aerodynamic lag-pole 
𝑐   =   Mean chord 
dcg   = Center of gravity/hinge line distance 
D   = Damping matrix 
Dθ   = Damping coefficient 
H   = Gust gradient 
Iθ   = Moment of inertia 
FAero  = Aerodynamic forces vector 
k   = Reduced frequency 
K   = Stiffness matrix 
K( )   = Hinge stiffness 
Ko   = Oblique spring stiffness 
Kθ = Torsional spring stiffness 
L   = Oblique spring length 
Lg   = Gust length 
m   = Wing-tip mass 
M   = Mass matrix 
M( )  = Hinge moment 
qdyn  = Dynamic pressure 
qf = Modal coordinates 
Q() = Generalized aerodynamic force matrices 
Qe = External forces 
Qi() = Coefficient matrices of RFA 
Qν = Quadratic velocity forces 
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r   = Pulley radius 
R = Body reference translation 
Rl   = Aerodynamic states vector 
V = True air speed 
w   = Gust vector 
wg   = Gust velocity 
wg0  = Peak of the gust velocity 
wref  = Reference gust velocity 
x0   = Gust origin position 
xj   = j
th
 panel’s control node position 
α   = Angle of attack 
γ   = Oblique spring aspect ratio 
γj   = j
th
 panel’s dihedral angle  
δ   = Aerodynamic control surfaces vector 
θ   = Wing-tip folding angle 
Λ   = Hinge orientation angle 
ξ   = Generalized coordinates vector 
σ   = Oblique spring angle 
ν   = Springs stiffness ratio 
Ψ = Body reference rotation 
 
Superscript 
  ̂ = Nondimensional quantities 
  ̇   = Differentiation with respect to time 
  ̃   = Fourier transform 
  ̅   = Generalized variable 
 
Subscript 
0 = Initial value 
 
I. Introduction 
uch effort has been made to design aircraft in order to optimize fuel consumption through the reduction of 
aerodynamic drag. A sizable contribution to the overall drag is lift-induced drag, which can be reduced by 
increasing the wingspan, but such a design solution has well defined limits imposed by the maximum aircraft 
dimensions allowed at airports and also the resulting increase in bending moments along the wing. A possible 
solution to the first issue is the use of folding wings that can be employed on the ground in a similar way to the 
retractable wings used on aircraft carrier borne aircraft. An example of this approach relevant to civil applications is 
the latest version of the B-777 which will have a folding wing capability to be activated during taxiing to and from 
the gates. The inclusion of such a design feature raises the question as to whether folding devices could also be used 
to enable loads reduction on the aircraft during the flight [1]. 
This work is aimed at studying the benefits of using a flexible wing-fold device for loads alleviation and 
considering how it would be implemented on civil jet aircraft. The main idea consists of introducing a hinge in order 
to allow the wing-tips (WT) to rotate, as shown in Fig. 1. The orientation of the hinge line relative to the direction of 
travel of the aircraft is a key parameter to enable successful loads alleviation [1]. When the hinge line is not parallel 
to the free stream, but is rotated outboard as in Fig. 1(b, d), folding the wing-tip decreases the local angle of attack 𝛼 
which can be defined in terms of hinge orientation 𝛬 and angle of rotation of the wing-tip 𝜃 as 
 
                              𝛼 = − tan−1(tan 𝜃 sin 𝛬) (1) 
 
This equation implies that the hinge angle provides a means to reduce the loads acting on the wing through 
downwash at the wing-tip.  
M 
  
 
 
American Institute of Aeronautics and Astronautics 
 
3 
 
 
(a) 𝛬 = 0° hinge (front view) (b) 𝛬 > 0°  hinge (front view) 
  
(c) 𝛬 = 0°  hinge (top view) (d) 𝛬 > 0°  hinge (top view) 
 Figure 1.  Hinge Orientations 
 
 
 Previous work
 
[1] considered several structural configurations for the loads alleviation device, varying the hinge 
direction, wing-tip weight, linear hinge spring stiffness and linear hinge damping value for static and dynamic gust 
loads. Figure 2 shows the aeroelastic model used for the analyses, which was a modified version of the FFAST 
aeroelastic model [2] of a representative civil jet aircraft, whose structure was modelled using a “stick” model with 
lumped masses and the aerodynamic forces determined using the doublet lattice panel method. The main objective 
was to investigate the possibility of increasing the aspect ratio whilst limiting the increase in loads (especially in 
terms of wing bending moment), thus keeping the structure as light as possible. A baseline model, without wing-tips, 
Fig. 2, was considered as the reference to evaluate the use of folding wing-tips, also shown in Fig. 2, which were 
attached to the structure using a flexible hinge, giving a span increase of 25% compared to the baseline model. 
Figure 3 shows a detailed view of the structural model with the attached wing-tip device. Significant reductions in 
the resulting loads were achieved with a passive linear hinge device for small hinge stiffness, no hinge damping, 
reduced wing-tip weight and swept hinge.   
 
 
 (a) Structural model (b) Aerodynamic model 
 Figure 2.  Aeroelastic Model Showing Baseline Model and Wing-Tips 
 
 
 Figure 3.  Folding Wing-Tip Modeling Detail 
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 Previous research has shown [1] that a quick response of the wing-tip to the gust is essential for achieving an 
efficient loads reduction; the phase shift between the wing root bending moment (WRBM) and the folding angle 
should be as small as possible to let the wing-tip alleviate the loads. Significant reductions in the resulting loads 
were achieved with a passive linear hinge device for small hinge stiffness, no hinge damping, reduced wing-tip 
weight and swept hinge.  However, having such a small hinge stiffness value means that the wing-tip will deflect 
during straight and level cruise flight due to the static trim loads; an undesirable effect that will be detrimental to the 
aerodynamic performance and trim behavior. Ideally, the wing-tip should not deflect during cruise, but only operate 
once a gust is encountered. With a linear hinge device there is a conflict between having a low spring stiffness for 
good gust loads alleviation and a high spring stiffness to counteract static trim deflections. Consequently, a 
compromise in the design needs to be found in order to maximize the benefits of gust alleviation whilst avoiding 
motion during cruise which means that sub-optimal performance is achieved. 
 Gatto et. al. [4] proposed the using of a composite winglet characterized by two stable configurations: under the 
effect of the aerodynamic loads the structure would have snapped toward a new stable configuration that generated 
lower aerodynamic loads, but such design did not allow to recover the original stable configuration. Furthermore the 
lack of a control of the “snap-through” process led to a significant dynamic loading during the passage between 
stable configurations. Arrieta, Bilgen et al. [5, 6] addressed the problem of the implementation of the “snap-through” 
process by using piezoelectric actuators in order to excite the bending resonant frequencies at the different stable 
configurations of a clamped wing-tip model, resulting in a good control capability even under the effect of external 
aerodynamic loads. 
  This paper builds upon previous work [1, 3] that considered linear and nonlinear hinge devices. An 
investigation is made into the use of a passive negative stiffness nonlinear hinge for the folding wing-tip concept to 
improve the gust loads alleviation capability. The proposed hinge device is a modified version of the high static low 
dynamic stiffness
 
(HSLD) mechanism studied by Carrella et al. [7]. The nonlinear spring device needs to be stiff 
enough to allow the wing-tip not to deflect during the cruise, whilst allowing significant rotations when significant 
gust events are encountered. In this way, significant wing-tip deflections are achieved when the aerodynamic loads 
are higher than some given threshold, allowing efficient loads alleviation. A series of preliminary numerical 
simulations are performed using a single degree of freedom model and a representative civil jet aircraft aeroelastic 
model to investigate the influence of the design parameters on the dynamic response of the nonlinear aeroelastic 
systems to gusts. 
II. Nonlinear Hinge Device 
A. Mathematical Modeling 
 Nonlinear stiffness mechanisms are widely used as passive vibration isolators
 
[7-10]. These kind of mounts are 
characterized by a high static low dynamic stiffness behavior; they are able to support a given mass (high static 
stiffness) while having at the same time a very low natural frequency (low dynamic stiffness) which is necessary for 
the vibration isolation purposes.  
Several variants of nonlinear mounts have been proposed in the literature [11]; Carrella et al. [7] have provided a 
rigorous and analytic static investigation of a particular configuration given by a combination of a vertical spring 
connected in parallel with two oblique springs. 
 In this paper a torsional variant of the mechanism proposed by Carrella [7] was used; the nonlinear hinge device 
was achieved by combining a linear torsional spring, 𝐾𝜃  in parallel with two linear oblique springs 𝐾𝑜 as shown in 
Fig. 4. Furthermore, a pulley was introduced to convert the axial forces provided by the oblique springs into a torque 
applied on the hinge line. 
 When only the oblique springs are employed, the resulting moment on the wing-tip hinge is given by  
 
 𝑀𝑛𝑙 = 2𝐾𝑜𝑟(𝐿0 − 𝐿) sin 𝜎 (2) 
 
where 𝐿 is the length of the oblique springs, 𝜎 is the angle of inclination of the oblique springs, 𝐾𝑜 is the  related 
linear stiffness and 𝑟 is the radius of the pulley. By consideration of the geometry, sin 𝜎 =
ℎ0−𝑟(𝜃−𝜃0)
𝐿
;  
𝐿 = √(ℎ0 − 𝑟(𝜃 − 𝜃0))2 + 𝑎2; 𝐿0 = √ℎ0
2 + 𝑎2 and the non-dimensional parameters 𝛾 =
𝑎
𝐿0
= cos 𝜎0 and  ?̂? =
𝑟
𝐿0
; 
the nonlinear moment given by the oblique springs can be expressed as  
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𝑀𝑛𝑙 = 𝐾𝑜𝑟
2?̂?𝑛𝑙 
= 𝐾𝑜𝑟
2
2
?̂?
(√1 − 𝛾2 − ?̂?(𝜃 − 𝜃0)) [(?̂?
2(𝜃 − 𝜃0)
2 − 2√1 − 𝛾2?̂?(𝜃 − 𝜃0) + 1)
−1
2⁄
− 1] 
(3) 
 
  
 Figure 4.  Schematic Representation of the Nonlinear Spring Device  
 
  The non-dimensional parameters 𝛾 and ?̂? define the geometry of the nonlinear device where 𝛾 is the aspect 
ratio of the oblique springs; when 𝛾 = 0 the springs are initially horizontal, whilst for 𝛾 = 1 the springs are initially 
vertical.  ?̂? represents the aspect ratio of the pulley with respect to the oblique springs initial length; the higher that ?̂? 
is, the greater the longitudinal displacement of the oblique springs 𝑥 for a given wing-tip rotation.  
 Such a configuration is characterized by three equilibrium points when ?̂?𝑛𝑙(𝜃) = 0, given by 
 
 𝜃1
𝑒𝑞 = 𝜃0;                   𝜃2
𝑒𝑞 =
√1 − 𝛾2
?̂?
+ 𝜃0;                       𝜃3
𝑒𝑞 = 2
√1 − 𝛾2
?̂?
+ 𝜃0 (4) 
 
and note that 𝜃1
𝑒𝑞
 and 𝜃3
𝑒𝑞
 are symmetric with respect 𝜃2
𝑒𝑞
  due to the symmetry of the nonlinear device, as shown in 
Figure 5.  
  
 Figure 5.  Oblique Springs Equilibrium Points 
 The related non-dimensional stiffness is evaluated by differentiating ?̂?𝑛𝑙 with respect to the angle of rotation 𝜃 
as 
 
 
𝐾𝑛𝑙 =
𝐾𝑛𝑙
𝐾𝑜
=
𝑑?̂?𝑛𝑙
𝑑𝜃
= 2 [1 − 𝛾2 (?̂?2(𝜃 − 𝜃0)
2 − 2√1 − 𝛾2?̂?(𝜃 − 𝜃0) + 1)
−3
2⁄
] (5) 
 
 The stiffness 𝐾𝑛𝑙 is zero for 
 
 𝜃1,2
𝑠𝑡𝑎𝑏 = 𝜃2
𝑒𝑞 ±
√𝛾4 3⁄ − 𝛾2
?̂?
 (6) 
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which defines the stability boundaries of the nonlinear springs. The interval (𝜃1
𝑠𝑡𝑎𝑏;  𝜃2
𝑠𝑡𝑎𝑏), shown in Figure 5, 
represents the unstable branch of the nonlinear moment curve ?̂?𝑛𝑙(𝜃) where 𝐾𝑛𝑙 is negative, i.e. the springs would 
provide a hinge moment in the folding angle direction.  
 When 𝛾 = 1, there is only one equilibrium point and 𝜃1,2,3
𝑒𝑞 = 𝜃1,2
𝑠𝑡𝑎𝑏 = 𝜃0; for 𝛾 < 1 all the points are distinct and 
𝜃1
𝑒𝑞 < 𝜃1
𝑠𝑡𝑎𝑏 < 𝜃2
𝑒𝑞 < 𝜃2
𝑠𝑡𝑎𝑏 < 𝜃3
𝑒𝑞
and therefore 𝜃1
𝑒𝑞
 and 𝜃3
𝑒𝑞
 are stable equilibrium points characterized by a 
positive stiffness value, while 𝜃2
𝑒𝑞
 is unstable being 𝐾𝑛𝑙(𝜃2
𝑒𝑞) < 0. The latter condition represents the configuration 
when the oblique springs are vertical.  
 When a linear torsional spring 𝐾𝜃  is put in parallel with the oblique springs, the overall structural moment and 
stiffness are given by  
 
 
 
𝑀𝑠𝑡𝑟𝑢𝑐𝑡 = 𝐾𝜃?̂?𝑠𝑡𝑟𝑢𝑐𝑡 = 𝐾𝜃[(𝜃 − 𝜃0) + 𝜈?̂?𝑛𝑙] = 𝐾𝜃(?̂?𝑙 + 𝜈?̂?𝑛𝑙) (7) 
 
 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 = 𝐾𝜃
𝑑?̂?𝑠𝑡𝑟𝑢𝑐𝑡
𝑑𝜃
= 𝐾𝜃(1 + 𝜈𝐾𝑛𝑙) (8) 
 
where 𝜈 =
𝐾𝑜𝑟
2
𝐾𝜃
 is the ratio of the equivalent torsional stiffness of the oblique springs, 𝐾𝑜𝑟
2, to the linear torsional 
spring 𝐾𝜃 . 
 Figure 6 shows the effects on the non-dimensional structural hinge moment ?̂?𝑠𝑡𝑟𝑢𝑐𝑡 and stiffness 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 of the 
design parameter 𝛾, ?̂?, 𝜈. The characteristic “S” shape of the nonlinear moment curve is due to the nonlinearity 
introduced by the oblique springs; for 𝜃1
𝑠𝑡𝑎𝑏 < 𝜃 < 𝜃2
𝑠𝑡𝑎𝑏  these provide a negative stiffness contribution that can 
overcome the positive stiffness of the linear spring for a given rotation 𝜃. This nonlinear effect is a function of the 
geometry of the system 𝛾, ?̂? and the stiffness ratio value 𝜈. For 𝛾 = 0 the springs are initially horizontal, while they 
are initially vertical for 𝛾 = 1. The lower that 𝛾 is, the more the oblique springs absorb potential energy during the 
wing-tip rotation, which is then released through the nonlinear “snap through” mechanism of the oblique springs 
once it becomes dominant. The higher that ?̂? is, the smaller the interval 𝛥𝜃 in which the oblique springs provide a 
negative stiffness contribution as 𝜃1,2
𝑠𝑡𝑎𝑏 ∝ ?̂?−1. The higher that the stiffness ratio is, the higher the contribution of the 
oblique springs over the linear torsional spring, but since it does not affect 𝜃1,2
𝑠𝑡𝑎𝑏, as shown in Eq. (6), the range of 
rotation over which the oblique springs provide a negative stiffness contribution does not change with 𝜈. 
 
   
(a) ?̂?𝑠𝑡𝑟𝑢𝑐𝑡: 0.01 ≤ 𝛾 ≤ 1. (b) ?̂?𝑠𝑡𝑟𝑢𝑐𝑡: 1. ≤ ?̂? ≤ 5. (c) ?̂?𝑠𝑡𝑟𝑢𝑐𝑡: 0. ≤ 𝜈 ≤ 10. 
   
(d) 𝐾𝑠𝑡𝑟𝑢𝑐𝑡: 0.01 ≤ 𝛾 ≤ 1. (e) 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 : ?̂? = 1. ≤ ?̂? ≤ 5. (f) 𝐾𝑠𝑡𝑟𝑢𝑐𝑡: 𝜈 = 0. ≤ 𝜈 ≤ 10. 
 Figure 6.  Nonlinear Moment and Stiffness Curves 
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 When the oblique springs are combined with a linear torsional spring, it is not possible to have a closed form 
formulation of the equilibrium points of the system as a function of the design parameters. A bifurcation analysis 
was performed to investigate the dependency of the number of the equilibrium points with 𝛾, ?̂? and 𝜈. Figure 7 
shows the bifurcation diagram of the mechanical system and it has been found that the number of the equilibrium 
points is solely a function of the 𝛾 − 𝜈 combination, while  ?̂? did not have any effect. The system exhibited a 
bistable behavior in the grey region in Fig. 7, being characterized by three equilibrium points (2 stable and 1 
unstable), while the white region allowed only one stable equilibrium point. 
 
  
 Figure 7.  Bifurcation Diagram ( grey region: 3 equilibrium points; white region: 1 equilibrium point)  
B. High Static Low Dynamic Aeroelastic Stiffness Design 
When the overall aeroelastic system is considered, the hinge device stiffness is characterized not only by the positive 
stiffness provided by the linear torsional spring and the negative stiffness, for 𝜃1
𝑠𝑡𝑎𝑏 < 𝜃 < 𝜃2
𝑠𝑡𝑎𝑏, of the oblique 
springs, but also by a positive stiffness contribution due to the aerodynamic forces for 𝛬 > 0. For an outboard 
rotated hinge sweep angle, an upward wing-tip deflection produces a decrease in the local angle of attack leading to 
the generation of incremental aerodynamic forces that oppose the wing-tip deflection. 
 The concept behind a high static and low dynamic aeroelastic stiffness hinge mechanism is to design a spring 
that is stiff enough to keep the wing-tip trimmed during cruise, but then to take advantage of the negative stiffness 
capability provided by the oblique springs in order to allow a rapid rotation of the folding wing-tip during a gust 
event; the device should also be able to return to an undeflected configuration after the gust event. Figure 8 shows 
the schematic operation of the device. The wing-tip is attached to the springs with an initial downwards deflection 
angle when no aerodynamic forces are applied. At the trim flight configuration, the aerodynamic forces generate a 
rotation of the wing-tip, the oblique springs would then be compressed to assume a vertical configuration and the 
static load would be taken mainly by the linear torsional spring. In such a configuration, the oblique springs would 
not generate any moment, but they would provide a negative stiffness contribution that, counteracting the positive 
structural and aerodynamic moments, would allow a rapid deflection of the wing-tip in the case of a gust event. The 
negative aerodynamic forces generated by the upward rotation would lead the system to move to the original 
position. 
 The overall static aeroelastic hinge moment and stiffness can be expressed as 
 
 𝑀𝑡𝑜𝑡 = 𝑀𝑠𝑡𝑟𝑢𝑐𝑡 − 𝐾𝑎𝑒𝑟𝑜𝜃𝜃 − 𝑀𝑒𝑥𝑡 (9) 
 
 𝐾𝑡𝑜𝑡 = 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 − 𝐾𝑎𝑒𝑟𝑜𝜃  (10) 
 
where 𝑀𝑠𝑡𝑟𝑢𝑐𝑡 and 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 are the structural moment and stiffness, respectively, given by the linear and nonlinear 
springs combination as in Eqs. (7) and (8), 𝐾𝑎𝑒𝑟𝑜𝜃  is the wing-tip aerodynamic stiffness that defines the hinge 
moment contribution due to the aerodynamic forces generated by the wing-tip deflection and 𝑀𝑒𝑥𝑡  represents the 
overall hinge moment due to the combination of the external static loads, such as the aerodynamic trim loads or the 
gravitational loads. 
 In order to let the hinge device behave with a high static low dynamic aeroelastic spring stiffness, it is required 
that the wing-tip was undeflected at the horizontal trimmed flight condition. Assuming as known the overall static 
external moments acting on the hinge, and assuming that no oblique springs are employed, the value of the linear 
spring stiffness that satisfies the 𝜃𝑡𝑟𝑖𝑚 = 0°  condition is given by 
 
 𝐾𝜃 =
𝑀𝑒𝑥𝑡
𝜃0
  (11) 
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It is essential that introducing the oblique springs does not generate any variation of the equilibrium point defined 
for the linear system. This is achieved by designing the nonlinear springs in order to not provide any moment at the 
static equilibrium point, which infers 𝜃2
𝑒𝑞 = 𝜃𝑡𝑟𝑖𝑚 = 0° . From Eq. (4), this condition leads to the definition of the 
non-dimensional radius as 
 
 
?̂? =
√1−𝛾2
𝜃0
   
(12) 
 
for any given values of 𝜃0 and 𝛾. When Eq. (12) is satisfied, the equilibrium point of the nonlinear system does not 
change by varying the stiffness of the oblique springs, since in Eq. (4) it has been shown that 𝜃2
𝑒𝑞
 (and so 𝜃𝑡𝑟𝑖𝑚) is 
not a function of  𝜈. Therefore, the oblique spring stiffness can be used as a tuning parameter to calibrate the overall 
stiffness of the hinge device around the equilibrium point as shown in Fig. 9. When Eq. (10) is evaluated at 
 𝜃𝑡𝑟𝑖𝑚 = 0° and set to zero, this achieves a “quasi-zero-aeroelastic-stiffness” at the equilibrium point. The spring 
stiffness ratio to achieve this effect is given by 
 𝜈𝑞𝑧𝑎𝑠 =
𝛾(1+𝜈𝑎𝑒𝑟𝑜)
2(1−𝛾)
   (13) 
 
where 𝜈𝑎𝑒𝑟𝑜 =
𝐾𝑎𝑒𝑟𝑜𝜃
𝐾𝜃
 is the ratio of the torsional aerodynamic stiffness, 𝐾𝑎𝑒𝑟𝑜𝜃 , to the linear torsional spring 𝐾𝜃 .  
 A value of 𝜈 < 𝜈𝑞𝑧𝑎𝑠 would allow the system to have only one stable equilibrium point, while  𝜈 > 𝜈𝑞𝑧𝑎𝑠 would 
lead to three possible equilibrium points, of which 𝜃𝑡𝑟𝑖𝑚 = 0° is unstable due to the negative aeroelastic stiffness 
𝐾𝑡𝑜𝑡. If Eq. (8) is evaluated at 𝜃𝑡𝑟𝑖𝑚 = 0° and the structural stiffness is set to zero, the value of the spring stiffness 
ratio that leads to a “quasi-zero-structural-stiffness” [7] is given by 
 
 𝜈𝑞𝑧𝑠𝑠 =
𝛾
2(1−𝛾)
   (14) 
 
When Eqs. (11) and (12) are satisfied and 𝜈𝑞𝑧𝑠𝑠 ≤ 𝜈 ≤ 𝜈𝑞𝑧𝑎𝑠, the hinge device behaves as a high static low dynamic 
aeroelastic stiffness device exhibiting only one equilibrium point, a negative structural stiffness and a positive 
aeroelastic stiffness. Figures 8 and 9 shows the typical 𝑀𝑡𝑜𝑡(𝜃) trend for a high static low dynamic aeroelastic 
stiffness design. 
 
 
    
    
(a) Initial deflection (b) Trim configuration (c) Gust deflection (d) Trim configuration  
Figure 8.  Schematic of Wing-Tip Operation  
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(a) Total aeroelastic hinge moment (b) Total aeroelastic hinge stiffness 
 Figure 9.  Mtot and Ktot Calibration by Varying the Oblique Spring Stiffness 
 
 
III. Single Degree of Freedom Model 
 The high static low dynamic aeroelastic stiffness hinge device, introduced in the previous section, is applied here 
to a single degree of freedom model in order to gain an understanding of the isolated dynamic response of such a 
device when no structural dynamic coupling with the main airframe occurs. 
A. Structural Modelling 
 Figure 10(a) shows the structural model used for the analyses, comprising a rigid stick structural model with 
lumped masses. The wing-tip preserves the same geometry and mass distribution of the 100 𝐾𝑔 folding devices 
considered previously
 
[1]. The structural model has only one degree of freedom given by the rigid rotation around a 
hinge axis at the wing-tip root and the nonlinear torsional spring is defined at the hinge.  
 
 
 
 (a) Structural model (b) Aerodynamic model 
 Figure 10.  SDOF Wing-Tip Aeroelastic Model (top view) 
 
B. Aerodynamic Modelling 
The wing-tip aerodynamic mesh is shown in Fig. 10(b), where the doublet lattice method
 
[12, 13] was employed 
to model the hinge moment due to the aerodynamic forces which, in the frequency domain, is defined as 
 
 𝑀𝑎𝑒𝑟𝑜 = 𝑞𝑑𝑦𝑛[𝑄?̃? + 𝑄𝑔?̃?] (15) 
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where 𝑄 (1 𝑋 1) and 𝑄𝑔(1 𝑋 𝑁𝑃𝑎𝑛𝑒𝑙𝑠) are the generalized aerodynamic forces matrices related to the Fourier transform of 
the generalized coordinate ?̃? and the gust vector ?̃?. The latter term defines the downwash on a generic aerodynamic 
panel j due to the gust such that 
  
 
𝑤𝑗 =  cos 𝛾𝑗
𝑤𝑔0
2𝑉
(1 − cos (
2𝜋𝑉
𝐿𝑔 
(𝑡 −
𝑥0 − 𝑥𝑗
𝑉
))) 
 
(16) 
 
where Lg is the gust length (twice the gust gradient H), 𝑉 is the true air speed and wg0 peak gust velocity. The latter 
defined (in m) as [14] 
 
 
𝑤𝑔0 = 𝑤𝑟𝑒𝑓(
𝐻
106.17
)
1
6 
(17) 
 
The Doublet Lattice panel method is based upon linear unsteady potential flow theory, making the assumptions 
of inviscid, irrotational, compressible and attached flow, subject to small angle of attack or side slip. As a 
consequence, nonlinear aerodynamic effects such as flow separations, shocks, turbulence, boundary layers as well as 
aerodynamic drag were not accounted for. Only the lift forces and pitching moment, defined for each aerodynamic 
panel, were considered in the aerodynamic loads estimation. A further limitation, due to the small angle of attack or 
side slip assumption, is that the aerodynamic forces do not to change their direction as a function of the actual 
deformation of the structure and wing-tip deflection. The aerodynamic forces were defined with respect to the local 
normal direction of each panel by modifying the modulus, but not the orientation, of each aerodynamic force as a 
function of the local deformation.  
 The above approximations are general acceptable when applied to conventional aircraft structures subject to 
small deformations, and indeed the Doublet Lattice method has been the aeroelastic workhorse of the aerospace 
industry for over 40 years. Within an industrial environment, aircraft loads estimation requires the computation 
many tens of thousands of loads cases and as a consequence, high fidelity CFD based analyses cannot be extensively 
employed. Furthermore unsteady gust analyses using CFD models is still a novel methodology and is very much an 
immature approach for industrial applications and consequently the Doublet Lattice method is still a standard tool 
within the industrial community for aircraft loads estimation. Consequently, it was felt acceptable to use this 
approach to model the effects of the wing-tip device, particularly as the rotations and deflections are not large. 
 In order to allow for simulation in the time domain, the aerodynamic matrices were transformed using the 
rational function approximation method proposed by Roger [15]. Following some manipulation, and taking into 
account the static aerodynamic forces due to a prescribed trim angle of attack 𝛼, the aerodynamic loads can be 
formulated in the time domain as 
 
 
𝑀𝑎𝑒𝑟𝑜 = 𝑞𝑑𝑦𝑛 {[𝑄0(𝜃 − 𝜃𝛼0𝐿) +
𝑐
2𝑉
𝑄1?̇? + (
𝑐
2𝑉
)
2
𝑄2?̈?] + [𝑄𝑔0𝑤 +
𝑐
2𝑉
𝑄𝑔1?̇? + (
𝑐
2𝑉
)
2
𝑄𝑔2?̈?]
+ ∑ 𝑅𝑙
𝑁𝑃𝑜𝑙𝑒𝑠
𝑙=1
+ 𝑄𝛼0(𝛼−𝛼0𝐿)} 
 
(18) 
where 𝑅𝑙 is the generic aerodynamic state vector related to the generic lag-pole (𝑏𝑙 =
𝑘𝑚𝑎𝑥
𝑙
). These extra states 
allow the unsteady response of the aerodynamics to be modelled taking into account the delay of the aerodynamic 
forces with respect to the structural deformations. These aerodynamic states were evaluated through the set of 
dynamic equations 
 
 
?̇?𝑙 = −𝑏𝑙
2𝑉
𝑐
𝐼𝑅𝑙  + 𝑄2+𝑙 ?̇? + 𝑄𝑔2+𝑙?̇?                 𝑙 = 1, … , 𝑁𝑃𝑜𝑙𝑒𝑠 
(19) 
 
 Here, a zero zero-lift angle of attack 𝛼0𝐿 = 0 was assumed, a non-zero value could be defined to take into 
account the effect of any wing-tip camber. From Eq. (1), the  𝛼 = 𝛼0𝐿 condition is given for an angle of rotation of   
𝜃 = 𝜃𝛼0𝐿 = − tan
−1 (
tan 𝛼0𝐿
sin 𝛬
). 
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 The generic aerodynamic matrices 𝑄 and 𝑄𝑔 are a strict function of hinge angle 𝛬 and Fig. 11 shows the trend of 
the aerodynamic stiffness terms 𝑄0 and 𝑄𝛼0. When the hinge is rotated inboard (𝛬 < 0) the aerodynamic stiffness 
𝑄0 is positive, leading to a positive aerodynamic forces for an upward rotation of the wing-tip. Such a design leads 
to a statically unstable system which also reduces the loads alleviation capability as, following a gust event, the 
wing-tip would have a positive rotation and the generated upward aerodynamic forces would give a further increase 
of the overall loads. For these reasons only outboard rotated hinges enable loads alleviation. 
  
(a) 𝑄0(𝛬). (b) 𝑄𝛼0(𝛬). 
 Figure 11.  Aerodynamic Stiffness vs Hinge Orientation 
C. Equation of Motion 
 The nonlinear dynamic equation motion for the system is described as 
 
 𝐼𝜃?̈? + 𝐷𝜃?̇? + 𝐾𝜃(𝜃 − 𝜃0) + 𝑀𝑛𝑙 = 𝑀𝑎𝑒𝑟𝑜 + 𝑚𝑔𝑑𝐶𝐺 𝑐𝑜𝑠 𝜃 (20) 
 
where 𝜃0 is the initial wing-tip deflection, 𝐼𝜃  is the moment of inertia of the structure, 𝐷𝜃  is the hinge damping 
coefficient, 𝐾𝜃  is the linear hinge spring stiffness, 𝑀𝑛𝑙 is the nonlinear moment provided by the oblique springs, 
𝑀𝑎𝑒𝑟𝑜 is the aerodynamic moment and 𝑚𝑔𝑑𝐶𝐺 𝑐𝑜𝑠 𝜃 represents the moment due to the gravity, where 𝑑𝐶𝐺  is the 
distance of the center of gravity from the hinge. Both 𝑑𝐶𝐺  and 𝐼𝜃  are functions of the hinge orientation 𝛬 and the 
mass distribution of the folding device. This paper focuses on the structural design of the nonlinear hinge spring, so 
the effect of the mass and the hinge orientation, already discussed previously [1], were not investigated. For all the 
presented results it is assumed that 𝑚 = 100 𝐾𝑔 and 𝛬 = 25°. 
 Recasting Eq. (9) as a single degree of freedom model leads to the overall static aeroelastic hinge moment such 
that 
 
 𝑀𝑡𝑜𝑡 = 𝑀𝑠𝑡𝑟𝑢𝑐𝑡 − 𝑞𝑑𝑦𝑛𝑄0(𝜃 − 𝜃𝛼0𝐿) − 𝑞𝑑𝑦𝑛𝑄𝛼0(𝛼−𝛼0𝐿) − 𝑚𝑔𝑑𝐶𝐺 𝑐𝑜𝑠 𝜃 (21) 
 
whose related aeroelastic stiffness is given by 
 
 𝐾𝑡𝑜𝑡 = 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 − 𝑞𝑑𝑦𝑛𝑄0 + 𝑚𝑔𝑑𝐶𝐺 sin 𝜃 (22) 
where 𝑞𝑑𝑦𝑛𝑄0 represents the aerodynamic stiffness 𝐾𝑎𝑒𝑟𝑜𝜃  of Eqs. (9) and (10). 
 Equation (21) highlights how the static aeroelastic hinge moment is not only a function of the structural design 
parameters but also of the flight condition. In particular, the term 𝑞𝑑𝑦𝑛𝑄𝛼0(𝛼−𝛼0𝐿) represents the static load 
contribution due to the dynamic pressure and the angle of attack that can affect the number of equilibrium points of 
the system for a given structural design. The equilibrium points of the complete aeroelastic system are given by the 
roots of the static aeroelastic hinge moment shown in Eq. (21). Figure 12 shows the qualitative evolution of 𝑀𝑡𝑜𝑡 for 
two different generic structural designs by keeping the dynamic pressure fixed and varying the angle of attack 
𝛼: 0° → 8°. The general effect is a shift in the downwards direction of the moment curve with an increment of 𝛼, 
which could lead the system to pass from having only one equilibrium point to three equilibrium points, as shown in 
Fig. 12(b). This kind of bifurcation may arise only for those structural designs and dynamic pressures that allow 
negative aeroelastic stiffness 𝐾𝑡𝑜𝑡 for a range of rotation angles 𝜃. 
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 (a) 𝑀𝑡𝑜𝑡(𝜃) - design a 
( : 𝛼 = 0°; : 𝛼 = 8°) 
 (b) 𝑀𝑡𝑜𝑡(𝜃) -  design b 
( : 𝛼 = 0°; : 𝛼 = 8°) 
  
 (c) 𝐾𝑡𝑜𝑡(𝜃) -  design a  (d) 𝐾𝑡𝑜𝑡(𝜃) -  design b 
 Figure 12.  Effect of Angle of Attack 𝜶 on the System’s Equilibrium Points  
D. Results 
Several aeroelastic analyses were performed in order to investigate the dynamic response of the folding wing-tip 
for different structural designs.  As the structural model is nonlinear, it is not possible to evaluate the static and 
dynamics responses separately and then superimpose their effects, consequently, the dynamic gust response analyses 
were performed starting from the trimmed flight configuration. A “1-g” load case was considered with the wing-tip 
operating at 𝑀 = 0.6 at 25,000 𝑓𝑡, equivalent to a dynamic pressure of 9.47 𝐾𝑃𝑎 and at an angle of attack of 
𝛼 = 6.25°. Several aeroelastic analyses were then made over a range of gust lengths. With reference to Eq. (17), wref 
was varied linearly from 13.4 𝑚/𝑠 EAS at 15,000 𝑓𝑡 to 7.9 𝑚/𝑠 EAS at 50,000 𝑓𝑡, based on the FAA Federal 
Aviation Regulations. At the investigated flight altitude of 25,000 𝑓𝑡 and Mach number 𝑀 = 0.6, the gust reference 
velocity was 11.48 𝑚/𝑠 EAS, while the gust lengths varied between 18 𝑚 and 214 𝑚.  
1. Linear Hinge Model 
Since a single degree of freedom model was considered, the hinge moment was the only load information that 
could be retrieved. As the loads were given mainly by the balance of gust, aerodynamic and inertial vertical forces 
acting on the wing-tip, it was assumed that the trend of the global hinge moment would reflect qualitatively the 
contribution of the wing-tip on the wing root bending moment when a full aircraft model was considered. Following 
on from the findings of previous work [1], an outboard rotated hinge low wing-tip mass with no damping and 
negligible spring stiffness were used.  
 Figures 13 and 14 show maximum incremental loads and the wing-tip deflections due to a family of “1-cosine” 
gusts for four structural configurations with the same mass 𝑚 = 100 𝐾𝑔, hinge angle Λ = 25. ° , no hinge damping 
element, but different initial deflections and spring stiffness as reported in Table 1,  where the stiffness of the two 
latter configurations was defined according to Eq. (11). As expected, maximum loads were experienced by the fixed 
hinge model while, for the other configurations, a lower hinge stiffness led to lower resulting loads. In particular, it 
was found in Fig. 14(a) that setting 𝐾𝜃 ≈ 0.  𝑁𝑚/𝑟𝑎𝑑 provided the best loads alleviation as the gusts did not 
provide any further increment to the hinge moment; the drawback was the significant wing-tip deflection due to the 
static aerodynamic trim loads, leading to a consequent worsening of the trim aerodynamic performance. An 
intermediate solution can be found by employing a spring stiffness as defined by Eq. (11) for a given 𝜃0 and flight 
condition. 
 Figure 15 shows the time histories of the hinge moment for the same structural configurations and a fixed gust 
length of 𝐿𝑔 = 104. 𝑚. It is demonstrated how a very low spring stiffness 𝐾𝜃 ≈ 0.  𝑁𝑚/𝑟𝑎𝑑 allows the wing-tip to 
deflect enough to generate negative lift to balance the positive gust contribution, whereas a higher spring stiffness 
leads to a lower deflection resulting in a worse loads alleviation performance. 
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Configurations: 𝜃0 [𝑑𝑒𝑔] 𝐾𝜃 [𝑁𝑚/𝑟𝑎𝑑] 
Hinge-Fixed 0. ∞ 
Hinge-Free 0. 0. 
Hinge-A −25. 3.217𝐸05 
Hinge-B −12.5 6.434𝐸05 
  Table 1. SDOF Linear Hinge Model – Structural Configurations 
 
 
 Figure 13.  Linear Gust Response - Maximum Incremental Wing-Tip Hinge Moments vs Gust Lengths 
 ( : Hinge-Fixed; : Hinge-Free; : Hinge-A; : Hinge-B) 
 
   
(a) Hinge-Free (b) Hinge-A (b) Hinge-B 
Figure 14.  Linear Gust Response - Wing-tip Deflection vs Time  
 
   
(a) Hinge-Free (b) Hinge-A (b) Hinge-B 
 Figure 15.  Incremental Linear Unsteady Gust Loads vs Time for 𝑳𝒈 = 𝟏𝟎𝟒. 𝒎  
( : gust loads; : aerodynamic loads due to the wing-tip deflection; : inertial loads; 
 : global loads) 
 
2. Nonlinear Hinge Model 
Several structural configurations were considered, varying the hinge device design parameters according the 
high static low dynamic aeroelastic stiffness concept introduced in the previous section. Table 2 shows the four 
  
 
 
American Institute of Aeronautics and Astronautics 
 
14 
different nonlinear spring designs that have been considered. In combination with the linear models of the previous 
section “Hinge-A” and “Hinge-B”, two sets of oblique springs with an inclination of 𝜎0 = 30. ° (𝛾 = 0.866) and 
𝜎0 = 60. ° (𝛾 = 0.5) were defined. The related non-dimensional pulley radii ?̂? were defined according Eq. (12). For 
each of the four configurations the spring stiffness ratio 𝜈 was then varied between the values 𝜈𝑞𝑧𝑎𝑠 and 𝜈𝑞𝑧𝑠𝑠. 
 
Configurations: 𝜃0 [𝑑𝑒𝑔] 𝐾𝜃  [𝑁𝑚/𝑟𝑎𝑑] 𝛾 ?̂? 𝜈 
Hinge-A1 −25. 3.217𝐸05 0.866 1.15 [3.23, 4.63, 6.02, 7.42, 8.81] 
Hinge-A2 −25. 3.217𝐸05 0.5 1.98 [0.5, 0.72, 0.93, 1.15, 1.36] 
Hinge-B1 −12.5 6.434𝐸05 0.866 2.92 [3.23, 3.93, 4.63, 5.32, 6.02] 
Hinge-B2 −12.5 6.434𝐸05 0.5 3.96 [0.5, 0.61, 0.72, 0.82, 0.93] 
  Table 2. SDOF Nonlinear Hinge Model – Structural Configurations 
Figure 16 shows the loads envelope obtained for different gust lengths and the overall moment and stiffness for the 
“Hinge-A1”. The higher that 𝜈 was set, the lower the stiffness of the system at the equilibrium point and so the 
better the loads alleviation performance. In particular, the loads were always lower than those of the linear 
configuration “Hinge-A”. Furthermore, for such a configuration 𝜈𝑞𝑧𝑠𝑠 = 3.23 and 𝜈𝑞𝑧𝑎𝑠 = 8.81, it can be seen that 
when 𝜈 = 𝜈𝑞𝑧𝑠𝑠 the overall aeroelastic stiffness of the nonlinear model was equal locally to that of the linear system 
when 𝐾𝜃 ≈ 0. 𝑁𝑚/𝑟𝑎𝑑 (dotted line Fig. 16(c)) around the equilibrium point, leading the wing-tip to experience an 
almost zero incremental hinge moment during a gust event. When 𝜈𝑞𝑧𝑠𝑠 < 𝜈 < 𝜈𝑞𝑧𝑎𝑠 the aeroelastic stiffness of the 
system was even lower than that of the linear system with 𝐾𝜃 ≈ 0. 𝑁𝑚/𝑟𝑎𝑑, allowing negative values of the 
maximum hinge moment despite the positive gust loads. 
 A better understanding of the system response can be found by examining the time histories of the loads for this 
configuration, for gust length, 𝐿𝑔 = 104. 𝑚, and for different values of 𝜈, as shown in Fig. 17. When 𝜈 = 3.23 the 
folding device generates just enough negative lift variation to balance the positive gust increment; when 𝜈 = 6.02, 
the lower aeroelastic stiffness allowed higher wing-tip rotations and so the generation of negative aerodynamic 
forces that overcame the positive gust loads and this trend is even more emphasized for 𝜈 = 8.81. The drawback in 
using a higher value of 𝜈 is that the folding device needs a longer time to recover the undeflected trim configuration 
because of the very low stiffness value, as seen by the slower decay of the negative lift contribution due to the wing-
tip deflection in Fig. 17(c) (dotted line). 
 Figure 18 shows a comparison between the displacements of the linear and nonlinear models sharing the same 
linear torsional spring, demonstrating that the nonlinear springs enable higher rotations and hence a better loads 
alleviation, whilst still allowing the system to recover the original undeflected configuration after the gust event. 
 
 
   
(a) 𝑀𝑡𝑜𝑡(𝜃) (b) 𝐾𝑡𝑜𝑡(𝜃) (c) Loads Envelope vs Gust Lengths 
 Figure 16.  Nonlinear Gust Response – Hinge-A1 
( : Hinge-Fixed; : linear model Hinge-A;  
: linear model Hinge-Free; : nonlinear model Hinge-A1) 
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(a) 𝜈 = 3.23 (b) 𝜈 = 6.02 (c) 𝜈 = 8.81 
Figure 17.  Incremental Unsteady Gust Loads vs Time for 𝑳𝒈 = 𝟏𝟎𝟒. 𝒎 – Hinge-A1 
( : gust loads; : aerodynamic loads due to the wing-tip deflection; : inertial loads; 
 : global loads) 
 
 Figure 18.  Linear vs Nonlinear Gust Response – Hinge-A1 (𝝂 = 𝟔. 𝟎𝟐) 
 ( : linear model; : nonlinear model) 
Figure 19 shows the loads envelope for different gust lengths and the overall moment and stiffness for the “Hinge-
A2” configuration. The comments related to the previous case remained valid also for this configuration, with only a 
slight worsening on the loads alleviation performance. This effect is due to the higher radius  ?̂? which causes the 
oblique springs to provide a negative stiffness contribution over a smaller range of rotation angles 𝜃. 
 
 
   
(a) 𝑀𝑡𝑜𝑡(𝜃) (b) 𝐾𝑡𝑜𝑡(𝜃) (c) Loads Envelope vs Gust Lengths 
 Figure 19.  Nonlinear Gust Response – Hinge-A2 
( : Hinge-Fixed; : linear model Hinge-A;  
: linear model Hinge-Free; : nonlinear model Hinge-A2) 
  
 Figures 20 and 21 show the loads envelope for different gust lengths and the overall moment and stiffness when 
“Hinge-B2” and “Hinge-B1” configurations were employed. For both cases it can be seen that the loads of the 
nonlinear models were lower than those of the linear model “Hinge-B”. Even though the designs with the higher 
stiffness ratios 𝜈 allowed very low stiffness values around the equilibrium point, the hinge moment envelopes 
exhibit loads that were always positive and higher than the ones of the linear model with 𝐾𝜃 ≈ 0. 𝑁𝑚/𝑟𝑎𝑑.  
 Again, this worsening in the alleviation performance for this latter case can be attributed to the higher ?̂? 
employed. Equations (11) and (12) show that the higher the initial wing-tip deflection 𝜃0 and the lower the initial 
oblique springs inclination (𝛾 → 1.), the lower the resulting linear spring stiffness 𝐾𝜃  and pulley radius ?̂?. The latter 
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term is a fundamental parameter for the definition of the nonlinear contribution of the oblique springs; the lower that 
?̂? is, the higher the wing-tip rotation needed to produce the same oblique spring’s horizontal displacement. 
Therefore, the nonlinear effects are spread over a longer range of folding angles leading to a smoother reduction of 
the aeroelastic stiffness.  Once the geometry of the hinge device is fixed, the spring stiffness ratio 𝜈 can be used as a 
tuning parameter to control the reduction of the aeroelastic stiffness around the equilibrium point. The red dotted 
lines in Figs. 16(b) and 19-21(b), represent the aeroelastic stiffness of the linear hinge device with 𝐾𝜃 =
0. 𝑁𝑚 𝑟𝑎𝑑⁄ , therefore they are purely characterized by the aerodynamic stiffness contribution and constitute the zero 
structural stiffness threshold. When 𝜈 > 𝜈𝑞𝑧𝑠𝑠 the system presents a negative structural stiffness, which means 𝐾𝑡𝑜𝑡 
is below the zero structural stiffness threshold, over the range of folding angles 𝛥𝜃𝑛𝑠𝑠. Within 𝛥𝜃𝑛𝑠𝑠 the structural 
hinge device generated a moment that can be exploited to allow faster and higher wing-tip rotation with respect to 
the linear model. The value of 𝛥𝜃𝑛𝑠𝑠 is mainly a function of ?̂? and 𝜈; the lower that  ?̂? and the higher that 𝜈 are, the 
higher 𝛥𝜃𝑛𝑠𝑠 as it can be seen by comparing Fig. 16(b) and Fig. 20(b), characterized respectively by ?̂? = 1.15 and 
?̂? = 3.96. 
 
   
(a) 𝑀𝑡𝑜𝑡(𝜃) (b) 𝐾𝑡𝑜𝑡(𝜃) (c) Loads Envelope vs Gust Lengths 
 Figure 20.  Nonlinear Gust Response – Hinge-B2 
( : Hinge-Fixed; : linear model Hinge-B;  
: linear model Hinge-Free; : nonlinear model Hinge-B2) 
  
 The effect of the non-dimensional radius ?̂? is highlighted in Fig. 22 which shows the time histories of the loads 
of the “Hinge-B1” design, for given gust length 𝐿𝑔 = 104. 𝑚. When the wing-tip is hit by a gust, the low aeroelastic 
stiffness value allows fast rotation of the device due to the small local stiffness. The high values of ?̂? leads the 
structural stiffness to have a sudden increment after a small deflection of the device, therefore the wing-tip is not 
slowed down by the negative aerodynamic forces, but by the hinge structural stiffness increment. This results in a 
sudden stop of the folding device and so the generation of a positive peak of the inertial loads which, combined with 
the gust moments, overcomes the negative contribution due to the wing-tip rotation. Such behavior is more 
pronounced for higher values of 𝜈. 
 
   
(a) 𝑀𝑡𝑜𝑡(𝜃) (b) 𝐾𝑡𝑜𝑡(𝜃) (c) Loads Envelope vs Gust Lengths 
 Figure 21.  Nonlinear Gust Response – Hinge-B1  
( : Hinge-Fixed; : linear model Hinge-B;  
: linear model Hinge-Free; : nonlinear model Hinge-B1) 
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(a) 𝜈 = 3.23 (b) 𝜈 = 4.63 (c) 𝜈 = 6.02 
Figure 22.  Incremental Unsteady Gust Loads vs Time for 𝑳𝒈 = 𝟏𝟎𝟒. 𝒎 – Hinge-B1 
( : gust loads; : aerodynamic loads due to the wing-tip deflection; : inertial loads; 
 : global loads) 
 
IV. Full Aircraft Model 
 An investigation of the application of the high static low dynamic aeroelastic stiffness hinge device applied on a 
full aircraft model is now presented. The purpose is an understanding of the dynamic response of the proposed 
device when the dynamic coupling of the wing-tip and main airframe is also considered and how this affects the 
design of the hinge spring.   
 The same aeroelastic framework used previously [3] was employed for the full aircraft model investigations, but 
now with the introduction of the high static low dynamic aeroelastic stiffness hinge device. The numerical structural 
model used for these investigations, involved a 100 𝐾𝑔 wing-tip model with a 25° hinge angle.  
 For the full aircraft model the overall static aeroelastic hinge moment and stiffness in Eqs. (9) and (10) can be 
expressed as 
 
 𝑀𝑡𝑜𝑡 = 𝑀𝑠𝑡𝑟𝑢𝑐𝑡 − 𝐾𝑎𝑒𝑟𝑜𝜃𝜃 − 𝐾𝑎𝑒𝑟𝑜𝛼𝛼 − 𝐾𝑎𝑒𝑟𝑜𝛿𝑒𝛿𝑒 − 𝑀𝑔 (23) 
 
 𝐾𝑡𝑜𝑡 = 𝐾𝑠𝑡𝑟𝑢𝑐𝑡 − 𝐾𝑎𝑒𝑟𝑜𝜃  (24) 
 
where 𝐾𝑎𝑒𝑟𝑜𝛼𝛼 and 𝐾𝑎𝑒𝑟𝑜𝛿𝑒𝛿𝑒 are the static aerodynamic hinge moments for a given angle of attack and elevator 
deflection, and 𝑀𝑔 represents the contribution of gravity. Such external loads also generate a static deformation of 
the entire aircraft with a consequent variation of the aerodynamic forces distribution. These flexibility effects cannot 
be neglected and have been taken into account considering the nonlinear variation of the different load contributions 
with the dynamic pressure as shown in Fig. 23. Despite the same wing-tip geometry being defined for the single 
degree of freedom and full aircraft models, the related aerodynamic stiffness differ because of the aerodynamic 
coupling effects of the wing-tip and airframe aerodynamic panels as well as the wing twisting effects considered in 
the full aircraft model. The same observation also occurred for the 𝑞𝑑𝑦𝑛𝑄𝛼0 and 𝐾𝑎𝑒𝑟𝑜𝛼  terms. 
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 (a) Aerodynamic hinge stiffness (b) Static aerodynamic hinge moment – 𝛼 stiffness 
   
 (c) Static aerodynamic hinge moment – 𝛿𝑒 stiffness (d) Gravity hinge moment 
 Figure 23.  Hinge Aeroelastic Static Moments Contribution 
 
A. Results 
As with the SDOF case, it was not possible to separate the static and the dynamic response due to the 
nonlinearity of the hinge device, therefore the dynamic gust response analyses were performed starting from a 
trimmed flight configuration. The same flight condition, in terms of Mach value, altitude and dynamic pressure, and 
the same “1-cosine” gusts family considered for the single degree of freedom model were defined for the full aircraft 
model as well. 
Several structural configurations were considered by varying the hinge device design parameters according the 
high static low dynamic aeroelastic stiffness concept introduced in the previous section.  All the investigated hinge 
device designs that satisfied the condition 𝜃𝑡𝑟𝑖𝑚 = 0° led to the same trim flight condition given by an angle of 
attack of 6.25° and elevator deflection of −12.39°. Figure 24 shows an example of the different structural 
configurations between the initial and trimmed flight conditions.  
Table 3 reports the spring designs that have considered for the nonlinear gust response analyses: two different 
wing-tip initial folding angles, with the related linear spring stiffness, defined as in Eq. (11), were selected. For each 
of these combinations, two sets of oblique springs with an inclination of 𝜎 = 30. ° (i.e. 𝛾 = 0.866) and 𝜎 = 60. ° 
(i.e. 𝛾 = 0.5) were specified; the related non-dimensional pulley radii ?̂? were defined according Eq. (12). Finally, 𝜈 
was varied for each structural configuration between the related  𝜈𝑞𝑧𝑠𝑠 and 𝜈𝑞𝑧𝑎𝑠 values. 
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 (a) Initial configuration  (front view) (b) Initial configuration  (side view) 
  
 (c) Trim configuration  (front view) (b) Trim configuration  (side view) 
 Figure 24.  Static Trim Deformation 
  
 
Configurations: 𝜃0 [𝑑𝑒𝑔] 𝐾𝜃  [𝑁𝑚/𝑟𝑎𝑑] 𝛾 ?̂? 𝜈 
Hinge-L −12.5 1.237𝐸06 - - - 
Hinge-L1 −12.5 1.237𝐸06 0.5 3.70 [0.5, 0.56, 0.63, 0.69, 0.76] 
Hinge-L2 −12.5 1.237𝐸06 0.866 2.29 [3.23, 3.65, 4.07, 4.49, 4.91] 
Hinge-M −25. 6.186𝐸05 - - - 
Hinge-M1 −25. 6.186𝐸05 0.5 1.98 [0.5, 0.63, 0.76, 0.89, 1.01] 
Hinge-M2 −25. 6.186𝐸05 0.866 1.15 [3.23, 4.07, 4.91, 5.75, 6.58] 
  Table 3. Full Aircraft Nonlinear Hinge Model – Structural Configurations 
 
 Figures 25-28(a) show the aeroelastic stiffness curves as a function of the wing-tip folding angle for the different 
structural designs. As for the single degree of freedom model, the lower the value of ?̂?, the higher the range of 
rotations 𝛥𝜃𝑛𝑠𝑠 over which the structural hinge device generated a moment so that the folding angle can be exploited 
to allow faster and higher wing-tip rotation and so enhance the loads alleviation performance with respect to the 
linear model. 
 Figures 25-28(b) show the incremental gust loads envelope for different gust lengths for the different structural 
designs. All the investigated designs allowed a reduction of the maximum loads with respect to the fixed hinge 
model; for the design “Hinge-L1” and “Hinge-L2”, Figs. 25(b) and 26(b), the loads were always higher than the 
ones of the baseline model and presented only a slight reduction for increasing values of 𝜈; for the “Hinge-M1” and 
“Hinge-M2” designs the maximum loads were always equal or lower than the baseline model and higher values of 𝜈 
enabled better alleviation performance. 
 The reported results highlight again how the loads alleviation capabilities are not only function of the value of 
the aeroelastic stiffness at the static equilibrium point, but also of the range of rotation 𝛥𝜃𝑛𝑠𝑠 over which the 
structural stiffness is kept negative. When the gust hits the aircraft, all the investigated hinge designs allow a fast 
wing-tip rotation given the low aeroelastic stiffness 𝐾𝑡𝑜𝑡 at 𝜃𝑡𝑟𝑖𝑚 = 0. °. When high values of ?̂? were defined, as for 
the “Hinge-L1” and “Hinge-L2” designs, Figs. 25 and 26, the aeroelastic stiffness shows a sudden increment after a 
small deflection of the device. As a result, the system experienced lower wing-tip deflections, and therefore can 
generate a lower negative lift contribution to counteract the positive gust loads; furthermore the sudden braking of 
the device generates a positive peak of the inertial loads which reduced the loads alleviation capabilities. Lower 
values of ?̂?, as in Figs. 27 and 28, ensure that the system doesn’t suffer such a limitation in its loads alleviation 
capabilities. 
 Regarding the minimum loads, they were always larger than those of the baseline model and in some case even 
higher than those of the fixed hinge model. Nevertheless structural sizing and loads assessment require the 
combination of the positive static trim loads with those from the incremental gust, as a consequence the positive gust 
loads, which were reduced by the wing-tip device, are the most critical for the structure. 
 A better understanding of the system response can be found looking at the time histories of the wing-tip 
deflections and incremental wing root bending moments, as seen in Figs. 26(c, d) and 28(c, d) for the different 
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structural configurations and a gust length of 214 𝑚, which was the one that generated the highest hinge moments 
and wing-tip deflections. To allow a more direct comparison of the deflections induced by the gusts for the different 
models, Figs 26(c) and 28(c) shows the actual wing-tip deflections for the nonlinear models (solid lines), and only 
the incremental rotations for the linear model with 𝐾𝜃 = 0. 𝑁𝑚 𝑟𝑎𝑑⁄  (dotted lines), being for such configuration 
𝜃𝑡𝑟𝑖𝑚 = 26.96°. It can be seen that high 𝜈 and low ?̂? minimize 𝐾𝑡𝑜𝑡 and maximize 𝛥𝜃𝑛𝑠𝑠 leading to good loads 
alleviation performance via higher and faster rotations. The structural configuration reported in Figs. 25 and 26 were 
characterized by a very high ?̂?, respectively 3.70 and 2.29, and low 𝛥𝜃𝑛𝑠𝑠; the sudden increment of the aeroelastic 
stiffness allowed wing-tip rotations lower than the incremental deflections of the linear model, as in Fig. 26(c), 
therefore the wing root bending moments were lower than those of the fixed hinge model, but higher than the 
baseline model. The other structural designs, in Figs. 27 and 28, experienced wing-tip deflections equal or higher 
than those of the linear model with 𝐾𝜃 = 0. 𝑁𝑚 𝑟𝑎𝑑⁄  and maximum wing root bending moments equal or lower 
than the baseline model. The negative stiffness contribution due to the nonlinear oblique springs allowed higher 
wing-tip deflections resulting in the generation of a negative lift that overcame the gust loads, leading the wing-tip to 
generate overall negative incremental loads and so leading the aircraft to experience incremental gust loads lower 
than those of the baseline model. 
 For 𝜈 ≈ 𝜈𝑞𝑧𝑠𝑠 the analyzed nonlinear models were characterized by an aeroelastic stiffness close to that of the 
linear model with 𝐾𝜃 = 0. 𝑁𝑚 𝑟𝑎𝑑⁄  in the neighborhood of the equilibrium position 𝜃𝑡𝑟𝑖𝑚 = 0. °,  which led to very 
similar, if not equal, trend of the incremental wing root bending moment and wing-tip gust responses. 
 For all the investigated designs, high values of 𝜈 enabled a low aeroelastic stiffness leading to a reduction of the 
positive gust loads because of the fast upward wing-tip rotation. However, due to the low aeroelastic stiffness, the 
wing-tip needed more time to recover the original undeflected configuration, as shown in Figs. 26(c) and 28(c). 
Such slower wing-tip dynamics, following the initial gust positive peak, led to a delay of the wing-tip response with 
respect the wing root bending moment which is the main reason behind the worsening of the loads alleviation 
capabilities for negative gust loads
 
[1]. Moreover, for all the investigated designs when 𝜈 ≈ 𝜈𝑞𝑧𝑎𝑠 the wing-tips were 
not able to recover the original undeflected configuration after the gust. The aeroelastic stiffness of the system was 
too small to balance the variation of the static loads acting on the hinge due to the variation of the angle of attack 
after the gust. Such an effect could not be captured by the single degree of freedom model since the angle of attack 
was considered as a constant value during the simulation, and no rigid pitch or heave motion of the wing-tip device 
were taken into account.   
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(a) 𝐾𝑡𝑜𝑡(𝜃) (b) Loads Envelope vs Gust Lengths 
 Figure 25.  Nonlinear Gust Response – Hinge-L1 
( : baseline model; : Hinge-Fixed; : linear model Hinge-L;  
: linear model Hinge-Free; : nonlinear model Hinge-L1) 
 
 
  
(a) 𝐾𝑡𝑜𝑡(𝜃) (b) Loads Envelope vs Gust Lengths 
  
(c) Wing-tip folding angle - time histories for Lg=214 m (d) Incremental WRBM - time histories for Lg=214 m 
Figure 26.  Nonlinear Gust Response – Hinge-L2 
( : baseline model; : Hinge-Fixed; : linear model Hinge-L;  
: linear model Hinge-Free; : nonlinear model Hinge-L2) 
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(a) 𝐾𝑡𝑜𝑡(𝜃) (b) Loads Envelope vs Gust Lengths 
Figure 27.  Nonlinear Gust Response – Hinge-M1 
( : baseline model; : Hinge-Fixed; : linear model Hinge-M;  
: linear model Hinge-Free; : nonlinear model Hinge-M1) 
 
 
  
(a) 𝐾𝑡𝑜𝑡(𝜃) (b) Loads Envelope vs Gust Lengths 
  
(c) Wing-tip folding angle - time histories for Lg=214 m (d) Incremental WRBM - time histories for Lg=214 m 
Figure 28.  Nonlinear Gust Response – Hinge-M2 
( : baseline model; : Hinge-Fixed; : linear model Hinge-M;  
: linear model Hinge-Free; : nonlinear model Hinge-M2) 
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V. Conclusions 
A preliminary investigation into the use of nonlinear negative stiffness folding wing-tips as a gust loads 
alleviation device was performed using a single degree of freedom wing-tip model and a representative civil jet 
aircraft aeroelastic model. A wing-tip device was connected to the wings with a hinge and the effect of a nonlinear 
hinge device on the response to “1-cosine” gusts was investigated. All results were related to the loads acting on a 
baseline model which consisted of the aircraft without wing-tips, i.e. 20% less span.   
A high static low dynamic aeroelastic stiffness mechanism was designed to allow a device stiff enough to keep 
the wing-tip undeflected during the cruise, while allowing fast and significant deflections in the case of a vertical 
gust with consequent reduction of the incremental loads.  
The use of a nonlinear spring device enabled an improvement in loads alleviation capabilities compared to the 
linear device, reducing the incremental wing root bending moments to smaller levels compared to those of the 
baseline model. It was proven that significant loads alleviation were possible when the system exhibited a low 
overall stiffness around the trim equilibrium point for a large enough range of deflection angles. The negative 
stiffness contribution of the oblique springs allowed higher and faster wing-tip deflections resulting in a reduction of 
the gust effect. Moreover, the passive hinge device designs allowed the folding device to recover the original 
undeflected configuration after the gust.  
Through proper design of the wing-tip device it will be possible to increase the wing aspect ratio with little, if 
any, increase or even a reduction of the gust loads experienced by the aircraft, leading to better aerodynamic 
efficiency and/or reduced structural weight on existing platforms.  
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